We have studied theoretically the Weyl semimetals the point symmetry group of which has reflection planes and which contain equivalent valleys with opposite chiralities. These include the most frequently studied compounds, namely the transition metals monopnictides TaAs, NbAs, TaP, NbP, and also Bi1−xSbx alloys. The circular photogalvanic current, which inverts its direction under reversal of the light circular polarization, has been calculated for the light absorption under direct optical transitions near the Weyl points. In the studied materials, the total contribution of all the valleys to the photocurrent is nonzero only beyond the simple Weyl model, namely, if the effective electron Hamiltonian is extended to contain either an anisotropic spin-dependent linear contribution together with a spin-independent tilt or a spin-dependent contribution cubic in the electron wave vector k. With allowance for the tilt of the energy dispersion cone in a Weyl semimetal of the C4v symmetry, the photogalvanic current is expressed in terms of the components of the secondrank symmetric tensor that determines the energy spectrum of the carriers near the Weyl node; at low temperature, this contribution to the photocurrent is generated within a certain limited frequency range ∆. The photocurrent due to the cubic corrections, in the optical absorption region, is proportional to the light frequency squared and generated both inside and outside the ∆ window.
I. INTRODUCTION
Recently, three-dimensional systems with a linear spectrum called Weyl's semimetals have been discovered and are actively studied; see [1] [2] [3] for recent reviews. These systems which have a nondegenerate energy spectrum of quasi-particles (with the exception of double degeneracy in the Weyl node) attract much attention due to their unusual electrical and optical properties in the bulk and on the surface and expand the concepts of topological theory in solid state physics. In the simplest model of such systems, the current carriers are described by the effective Hamiltonian which has the form of the Weyl Hamiltonian used to describe neutrinos, which explains their name.
In Weyl's semimetals, the "circular" photocurrent, i.e., an electric current arising under the light absorption at zero bias and reversing its direction to the opposite when the light circular polarization changes its sign, behaves in a remarkable way. Namely, it has been shown that in the absence of symmetry (mirror reflection) planes, the circular photocurrent is directed along the photon momentum and its generation rate is determined, in addition to the electric field strength of the electromagnetic wave, by the world constants [5] .
Real Weyl semimetals TaAs, TaP, NbAs, NbP [6] [7] [8] [9] [10] [11] [12] and Bi 1−x Sb x [13] have point symmetries C 4v and C 3v respectively. Thus, they have a mirror symmetry in which case the contributions to the circular photocurrent from two Weyl nodes connected by the reflection compensate each other exactly. As a result, there is no electric current and only a pure valley photocurrent is generated in the direction of light propagation. However, the abovementioned point symmetry groups are gyrotropic so that a circular electric photocurrent transverse to the photon momentum is possible in the relevant materials when the light propagates perpendicularly to the 3rd or 4th rotary axis of symmetry. Such a photocurrent cannot be microscopically obtained within the framework of the pure Weyl Hamiltonian. It has been shown in Ref. [14] that the transverse circular photocurrent can appear due to spin-independent corrections to the Weyl Hamiltonian linearly dependent on the electron wave vector and leading to "tilt" of the Weyl cones. Within the framework of such a model, an attempt has been made to explain the experimental results on the circular photogalvanic effect in tantalum arsenide observed under CO 2 laser excitation with a photon energy of 120 meV [11] .
In this paper we demonstrate that the tilt of the electron dispersion leads to a photocurrent only within in a limited frequency range. We propose an alternative model based on nonlinear spin-dependent corrections to the Weyl Hamiltonian and leading to a photocurrent that increases monotonously with the increasing light frequency. The theory is developed for an arbitrary matrix β ij describing the linear part of the effective electron Hamiltonian β ij σ i k j and containing both diagonal and off-diagonal components.
II. EFFECTIVE HAMILTONIAN
Near the Weyl point q W , it suffices to take into account only two bands touching each other at the Weyl point. In general, the effective Hamiltonian is a 2nd rank matrix which can be represented in the following form
where q is the wave vector defined in the first Brillouin zone of the crystal, σ i are the Pauli spin matrices, σ 0 is the unity 2×2 matrix, and at q = q W the threecomponent function d(q) and the scalar function d 0 (q) vanish. For the energy eigenvalues, one has
where d(q) = |d(q)| 2 .
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A. The linear approximation with anisotropic spectrum
In the linear approximation with respect to the deviation of the wave vector q from q W the effective Hamiltonian
with i, j, l being the Cartesian coordinates x, y, z, is determined by nine components of the 3×3 matrixβ and three components of the vector a. They are found by differentiating of d i and d 0 with respect to q
We remind that the vector a in the spin-independent term in (3) is named as the tilt.
In what follows, we denote the difference q − q W as k, i.e., we count the electron wave vector from the Weyl node. Then, in the linear approximation, Eq. (2) can be represented as
Here, the symmetric positively-definite matrixΛ is related to the matrixβ bŷ
whereβ T is the matrix transposed with respect toβ. To find six linearly independent components of theΛ matrix, it suffices to calculate the linear dispersion near the Weyl point for six different directions in the k-space.
For a givenΛ matrix, Eq. (6) is satisfied by the matrices of the setβ
whereβ 0 is any particular solution of this equation, and D is the matrix of orthogonal transformation of Pauli spin matrices σ i , it is determined by three Euler angles ϕ, θ and ψ and has the determinant +1. Indeed, the product β Tβ is equal toβ
, and this, by the definition ofβ 0 , is theΛ matrix. Appendix A specifies the method for selecting the matrixβ 0 and provides an equation for it expressed in terms of the matrixΛ. Note that the sign in (7) is not determined by the matrixΛ and represents the topological charge, or chirality, of this node [1, 16] 
The Weyl nodes related by an improper symmetry operation σ v , for example, the nodes
, have opposite chiralities. At the same time, for the nodes connected by the time inversion operation T , theβ matrices coincide, and therefore their chiralities also coincide. As it should be for a real matrix of dimension 3×3, with the ± sign selected in Eq. (7), the set of matricesβ is determined by nine parameters: the six components of the symmetric matrixΛ and three angles ϕ, θ, ψ. The transformationD in Eq. (7) changes one basis of a doubly degenerate state at the Weyl node to another while maintaining the coordinate system in the k-space. Naturally, the electron energy at the point k does not change. A similar transformationD in the spin space,
ii σ i , can also be applied to the general Hamiltonian (1) . In this case, the scalar product
For further calculation of the photocurrent, it is important to bear in mind that the above transformation, which does not involve the k-space, does not change not only the electron energy but also the Berry curvature Ω k . For proof, we note that the components of the latter can be represented as a scalar-vector product [15, 16] 
which is invariant with respect to any rotation of the vector d(k).
A Weyl semimetal with the Hamiltonian
belongs to type I if |β| > |a| ≡ a, and to type II if |β| < a [17] . For a general form of the matrix β ij , the membership to type I or II is determined respectively by the absence or presence of such a direction of the vector k where
The criterion for fulfillment of this condition is the inequality
where b is a vector with the components
and the absolute value b = Λ −1 ij a i a j . In this paper we consider the type-I Weyl semimetals (b < 1).
The . By using these six values, we have calculated theΛ matrix and the vector a entering Eq. (5). The determinant of the obtained matrixΛ turned out to be negative in contradiction with the fact thatΛ must be a positive definite matrix. If we assign the values of v ± (101) to the direction [101] rather than to the direction [101], the matrixΛ becomes positively defined. However, the absolute value of the vector b exceeds unity, which is inconsistent with the identification of TaAs as a type-I semimetal [2] . Therefore, the table S3 requires clarification.
B. Allowance for k-nonlinear terms
When calculating the photocurrents in the Weyl semimetals in Sec. V, we take into account nonlinear in k terms in the electron effective Hamiltonian
where for generality we included both quadratic and cubic spin-dependent contributions,
With allowance for the nonlinear terms, the energy can still be represented by Eq. (2) but the vector d(k) should be generalized as
i (k) . The coefficients introduced in Eq. (15) are symmetric with respect to the permutations of the indices jl and jlm, respectively,
imlj .
Under theD(ϕ, θ, ψ) orthogonal transformation, the matrices C (n) transfer into the matrices
ijlm .
Such a transformation in Eq. (7) leaves invariant not only the matrixΛ but also the sums of the products
ilmn .
The matricesĈ andĈ are related by
III. GENERAL EQUATIONS FOR THE PHOTOCURRENT
In continuation of the works [15, 16] we investigate the circular photogalvanic effect described by the phenomenological formula
where j is the photocurrent density, E is the amplitude of the electric field of the light wave, κ κ κ = i(E ×E * )/|E| 2 is the photon vector chirality equal to the unit vector in the direction of light propagation multiplied by its degree of circular polarization P circ . In gyrotropic crystal classes C nv (n = 3, 4, 6), the tensor γ has two nonzero components γ xy = −γ yx the calculation of which is the purpose of this work. The density of the circular photocurrent generated in Weyl semimetals under direct optical transitions is calculated according to the following formula [5, 15, 16] 
Here e is the electron charge, v s-o = −1 (∂d/∂k) − is the spin-dependent part of the electron group velocity in the conduction band, τ p is is the electron momentum relaxation time, Ω k is the Berry curvature (9),
−1 is the equilibrium distribution function over the energy E, µ is the chemical potential, because of the energy conservation law one has
Fernando de Juan et al. [5] have calculated the circular photocurrent (19) generating in the vicinity of the Weyl node with the linear k effective Hamiltonian (3) without a tilt (a = 0) and shown that the contribution of each node to the circular photocurrent has a universal form
where h is thePlanck constant, and C = ±1 is the chirality of this node defined by Eq. (8) . If there are improper elements of the crystal point symmetry, the contributions from nodes of opposite chiralities compensate each other and the photocurrent calculated in the model of Ref. [5] vanishes. In such crystals, the photocurrent summed over all the Weyl nodes is different from zero when taking into account the tilt [14] or nonlinear terms in the Hamiltonian (14) [15, 16] . For definiteness, we consider the Weyl nodes with k z = 0. It is convenient to distinguish them by the pointsymmetry elements of g and products T g of the space operation g and the time reversal operation T . The tensor γ summed over all the valleys is written as a sum
where γ (g) is the contribution of the valley gk W , k W is the initial node, e.g., that with k W,y > k W x > 0; the factor of 2 takes into account the contributions of the −gk W valleys. By using the general equation (19) we can express the partial contribution of the valley gk W to the photogalvanic tensor in the form
The particular component γ xy is given by
Due to the energy conservation law the value of 2d 3 (gk) can be replaced by ( ω) 3 /4. Changing the variables k → g −1 k in the sum (23) and taking into account that for one half of the symmetry operations (gk) x = ±k x , for the second half (gk) x = ±k y , and for all g ∈ C 4v , the component of the wave vector k z does not change, we obtain for the xy-component of the total tensor γ
where N = 16 is the number of Weyl valleys.
IV. CIRCULAR PHOTOCURRENT WITH ACCOUNT FOR THE TILT
In this section, we leave only k-linear spin-dependent and spin-independent terms in the Hamiltonian (14) . In Ref. [14] , the tilt term was taken into account in the model with an isotropic matrixβ = βσ · k. Here we generalize the theory to arbitrary matrixβ.
Theβ matrix enters into Eq. (24) only throughΛ and C:
where ∆ Λ = det(Λ). Using Eqs. (25) we can convert γ xy to
where
Turning to the variables
and integrating over the absolute value of the vector Q, we obtain
where the vector b is defined according to Eq. (13), and the angle brackets mean averaging over the directions of the vector Q. If the tilt is neglected, the factor F (a·k) = F (b·Q) in Eq. betafinal is independent of Q, see Eq. (20), and since the average Q s Q t equals to δ st Q 2 /3, the sum over s and t vanishes.
The bracketed average in Eq. (29) can be converted to
The first integral makes no contribution to γ xy , while the contribution of the second integral is reduced to
and
For a = 0, the expression for χ xy is invariant to the transformation (7). For an isotropic matrix Λ ij = Λδ ij , the sum over i in the numerator of Eq. (31) vanishes, in agreement with Refs. [15, 16] , where it is shown that, in crystals of the C nv symmetry (n = 3, 4, 6), a circular photocurrent is absent even for nonzero tilt d 0 (k), provided the spin-dependent part of the Hamiltonian has a simple isotropic form (10) . However, when the matrix β ij is of a general form, the presence of the tilt term in the distribution functions f 0 (E ±,k ) leads to the appearance of a photocurrent. For example, for a diagonal matrix Λ ij with different components Λ xx and Λ yy , the parameter χ xy is equal to the ratio
Since the integral (3u 2 − 1)du equals 0, Eq. (32) can be represented in the following equivalent form
At an arbitrary temperature, the integral (33) can be calculated analytically, but the corresponding expression (containing polylogarithms) is rather cumbersome, and we do not present it here. Instead, we give the expressions for J at low temperature (T → 0)
and high temperature (b ω/2 T )
Here, θ(x) is the Heaviside step function,
the stroke means derivative with respect to ε = ω/2.
V. CIRCULAR PHOTOCURRENT WITH ACCOUNT FOR THE CUBIC NONLINEARITY
In the presence of the cubic terms, the allowance for the tilt is not necessary for getting a photocurrent [16] . Therefore in this section, we set d 0 (k) ≡ 0. We assume nonlinear contributions in the Hamiltonian (14) to be small compared with the linear one. In the first order of nonlinearity P (3) i (k) the photocurrent (22) can be presented as a sum of three terms
determined by nonlinear corrections respectively to the group velocity v s-o , Berry curvature (9) and energy entering δ-function in Eq. (19) . In an explicit form, these corrections read
where the value of d in the denominator is replaced by ω/2 and, for convenience, we use the variable Q defined according to Eq. (28). Next we successively substitute the nonlinear corrections into Eq. (24), switch from summation over k to integration over Q, and average the integrand over the directions of the vectorQ according to the rules for tensor integrals [18] 
where the ellipsis ... indicates 14 remaining products of three δ-functions with paired indices. The final result for the component γ xy is
and Ξ syx is obtained from (41) by the replacement x ↔ y. In the particular case of β ij = βδ ij , P 
where C jlmn = C
jlmn /β.
VI. DISCUSSION
The dependence of the circular photocurrent on the frequency in the model with an anisotropic linear spectrum is illustrated in Fig. 1(a) . As can be seen from Eqs. (30)-(32), the photocurrent depends on two scalar parameters χ xy and b = |β −1 a|. The first parameter is independent of the modulus |a|, it determines the scale of the photogalvanic effect but not the shape of the photocurrent frequency dependence, and when arbitrary units are chosen along the ordinate axis it falls out. The b parameter affects both the shape and the peak-to-valley displacement of the γ xy ( ω) dependency. Due to the charge symmetry of the spin-dependent part of the Hamiltonian (3), the integral J is invariant to the replacement of µ by −µ, which clearly follows from its representation in the form (33). For any temperature one of the two contributions to (33) at ω = 2|µ| vanishes, and the other, at |µ| T , is small and can be neglected.
Therefore, the integral J with ω = 2|µ| should change sign, as is the case for all curves in Fig. 1(a) . The solid curves show the results of an exact calculation using Eqs. (30)-(32), the dashed curve corresponds to the calculation using the formula (35), obtained by expanding the integral J in a small parameter b. According to (34) at zero temperature the photocurrent is generated within the photon energy interval [16] 
i.e., in the energy window ∆ = 4|µ|b/(1−b 2 ). For b = 0.7, this window lies in the range of 1.18|µ| to 6.7|µ| in agreement with the dotted curve in Fig. 1(a) . It should be noted that the same frequency restriction is also imposed when the tilt and the quadratic nonlinearity P (2) (k) in (14) are taken into account together. At a finite temperature, the spectral region within which the effect is significant goes beyond the interval (43), but in general it is determined by the largest between ∆ and T . Note also that it follows from Eq. (36) that, at T = 0, the photocurrent does not depend separately on ω and µ but is a function of the ratio ω/µ, whereas, for T = 0, the photocurrent receives an additional dependence on the ratio T /µ.
The frequency dependence of the contribution to the photocurrent arising due to the cubic nonlinearity is fundamentally different from the behavior of the curves in Fig. 1(a) . Indeed, it follows from Eq. (39) that γ xy ∝ ω 2 F( ω/2). At T ω, the population difference F( ω/2) between the initial and final states is negligible if ω < 2|µ| and close to unity if the photon energy ω exceeds 2|µ|, so that above the absorption threshold ω = 2|µ|, the photocurrent is proportional to the radiation frequency squared, see Fig. 1(b) . For comparison, in this figure we also show the spectral dependence of γ xy obtained in the linear model with a tilt.
Two experimental articles have been published on the circular photogalvanic effect in the TaAs Weyl semimetal. Kai Sun et al. [19] measured the circular photocurrent at the photon energies so high ( ω ≈ 2.38 eV) that the optical transitions occurred far from the Weyl points. In the work [11] , the circular photocurrent was registered under a CO 2 laser excitation ( ω = 120 meV), and the analysis was performed in the model of the linear effective Hamiltonian (3). Our calculation shows, however, that the linear model gives zero photocurrent at high frequencies, and the generation of the photocurrent can be explained by a k-nonlinear spin-dependent contribution to the effective electron Hamiltonian.
VII. SUMMARY
We have analyzed the relationship between the electron energy dispersion near the Weyl node and the nine com- ponents of the β ij matrix which determines the effective Hamiltonian in the vicinity of the node. The dispersion is fixed by six linearly independent components of the diagonal positive-definite matrixΛ =β Tβ , whereas theβ matrix is determined by these six components, the three Euler angles of the orthogonal transformation of a pair of the basis states at the Weyl node and the chirality C = sgn{det(β)}.
We have developed the theory of the circular photogalvanic effect in the Weyl semimetals with mirror symmetry. The circular photocurrent is calculated for an arbitrary anisotropic Hamiltonian which includes terms both linear and nonlinear in k. Unlike a pure spin current, the electric current is expressed in terms of the components of theΛ matrix and combinations of the products of β ij with components of the higher-order matrices that are invariant to the orthogonal transformation of the basis states at the Weyl node. It has been established that the circular photocurrent in semimetals of the C 4v symmetry is non-zero in the model with a tilt if its energy spectrum is anisotropic in the plane perpendicular to the C 4 axis. The linear model gives a non-zero photocurrent only in a finite frequency range, while an allowance for the k-cubic corrections to the Hamiltonian leads to a circular photocurrent that grows quadratically with the frequency in the entire range of direct optical transitions near the Weyl nodes.
